It is known that signed graphs with all cycles negative are those in which each block is a negative cycle or a single line. We now study the more difficult problem for signed digraphs. In particular we investigate the structure of those digraphs whose arcs can be signed (positive or negative) so that every (directed) cycle is negative. Such digraphs are important because they are associated with qualitatively nonsingular matrices. We identify certain families of such digraphs and characterize those symmetric digraphs which can be signed so that every cycle is negative.
Introduction
We shall have occasion below to make use of graphs, digraphs, signed graphs, and signed digraphs. Consequently we begin with a very brief review of these concepts which will also serve to standardize our notation.
A graph G=(V,E) consists of a finite nonempty set V of points and a set E of lines, each a 2-subset of V. A digraph D = ( V, X) has in addition to set V a collection XC V × V of arcs (u, v) where u :g v. A signed graph H= (V, E, a) consists of a graph (V,E) together with a sign function cr:E--*{1,-1}. Similarly a signed digraph S = (V, X, ~) is a digraph (V, X) whose arcs have been signed positive or negative by cr. Terminology not given here can be found in Harary [3] or Harary, Norman, and Cartwright [4] .
The signed graphs in which every cycle is negative were easily characterized in [2] where the following result appears.
negative. The primary reason why this class is of interest is because of its importance to the sign solvability problem. It was already implicit in the original paper of Bassett, Maybee, and Quirk [1] that such signed digraphs belong to qualitatively invertible matrices. Since that time it has become clear from work by Klee and his associates [5, 8] , and the work of Maybee [9] on sign solvable graphs and of Lady [7] , that this class of signed digraphs plays a central role in the analysis of sign solvable systems. We do not have a characterization of the set .~ similar to that given by Theorem A and it may be that a characterization will be too complicated to be useful. But we shall identify three large classes of signed digraphs in ~/.
Let .~/! be the set of all digraphs D for which there exists a sign function a such that aDe./I I. We will now characterize strongly connected upper digraphs.
Upper digraphs

Theorem 1. A digraph D is strong and upper if and only if
(1) it has a hamiltonian path, say (VpVp 1"'0201), (2) 
aZ1)(aZ2)-O. But then (aZl)(lyZ2) = ~(ojoi)lT(oioj)lT(o i_ l Oi)¢7(oioi _ l)(T(ojoi_ lOi_ 2 ... oj+ l o j).
The first two pairs in this product correspond to 2-cycles and are both negative and the last term represents the sign of a cycle and must also be negative. The sign of the product must be negative, a contradiction. 
A generalization of unipathic digraphs
We may arrive at another subclass of J/in the following way. [] It follows, of course, from Theorem 5 that every unipathic digraph belongs to ./A The class O contains many elements which are not unipathic. In Fig. 2 we show two quite different examples. Note that in these examples, there is an arc belonging to both cycles. If this common arc is given a negative sign and all other arcs are given a positive sign, then aD e ,# in each case.
On signed digraphs with all cycles negative 
Symmetry
We start with a result of fundamental importance to the study of the properties of signed digraphs in ,~.
Theorem 6. Let S c ~ and suppose that C n , n >_ 3, is a symmetric cycle of S. Then n is even.
Proof. We may assume that Cn is composed of the two directed cycles Z 1 = (oi v2"" on Ol) and Z2 = (ol on on_ 1"'" 0201) which is the converse Z~ of Z1. Since S ~ ,# we have aZl = -1 and aZ2 = -1. Moreover, we have a(olv201)= -1, a(020302)= 
Thus n must be even. []
The following corollary of Theorem 6 is also very useful.
Corollary 6a. Let S 6 ,# and suppose a symmetric cycle C2. belongs to S. Let u, u be two distinct points of C2n whose distance along the cycle is even. Then, in the signed digraph obtained from S by removing all arcs of C2n and all points of C2n except u and o, the points u and o are not unilaterally connected.
Proof. Assume, for contradiction, there is a path from u to t) which is disjoint from C2. except for the points u and o. Denote this path by Po(u-*o). Now in C2n there are two paths from 0 to u, say P1 (v-*u) and P2(v-*u), and they must have opposite signs because d (u,o) Fig. 3 two signed digraphs S with a symmetric 4-cycle. In Fig. 3a no matter how the signs of the arcs (25) and (54) are chosen there is always a positive cycle while 3b shows that adjacent points can be joined by paths exterior to C4. We call such paths exterior paths and refer to the condition of the corollary as the exterior path condition. Let 
Symmetric digraphs
We wish to characterize the symmetric digraphs in J/. To this end we require the following results. 
Proof.
The result follows from Corollary 6a. If r were even, then we would have an exterior path joining points an even distance apart in a cycle. [] Now we come to our main result. We are greatly indebted to a referee for suggesting the elegant proof we will give below for Theorem 8. It is based upon a very nice result of T. Zaslavsky [11] and replaces a much longer and more intl:icate proof originally presented by the authors.
Let G be a graph and let ,~ be a set of cycles of G. Zaslavsky calls ~ theta additive if, whenever Cl and C2 are cycles for which Cl + C2 (where C l + C2 is the set of lines in CI, C 2, or in both cycles.) He has proved in [11] the following key result. We can illustrate the if portion of the above proof using the example shown in Fig. 5 . The graph has the negative edges shown by the dotted lines and its points have been labeled A or B to illustrate a bipartition of the points. Note that the sign function t71 has the required properties.
Theorem B (Zaslavsky). Given any set :~ of cycles in G, there exists a signed graph on G whose set of positive cycles is ~ if and only if 5~ is theta additive.
The underlying symmetric digraph for the graph of 
Unsolved problems
As we mentioned above, we have not presented a characterization of signed digraphs with all negative cycles. However complex such a characterization may be, we feel that it could prove very useful in view of the importance of sign solvable systems in a variety of fields. The classes we have introduced in Sections 2, 3, and 5 do provide us with a large stock of elements in ,J42
We pointed out in Section 2 that if D is a maximal upper digraph, then Go (D) is a path. Turning this around, we observe that each maximal upper digraph may be regarded as the result of turning a path G into a digraph and adjoining as many arcs as possible. Now a path is a particular instance of a tree. Thus an unsolved problem arising from Section 2 is the following. If the graph G is a tree which is not a path, can be construct a maximal digraph D from G in some manner similar to that used in constructing a maximal upper digraph from a path? If such a construction cannot be made for all trees, then what is the subset of trees for which it can be done? We know this subset is not empty. In fact, we have recently been able to construct maximal digraphs from all trees which are caterpillars by a method similar to that used here.
In Section 3 we have introduced an interesting generalization of the class of unipathic digraphs, namely the class of digraphs D such that every cycle of D contains at least one arc not in any other cycle of D. Suppose we call such digraphs free cyclic. Since each free cyclic digraph belongs to Jl, it would be of considerable interest to characterize the digraphs in this class. 
